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Abstract
We report on a nonlinear equation-based closed-form solution for a spring-loading-enclosed
electrothermal post-buckling microbeam that expresses (a) the relation between the
compressive loads and its corresponding lateral deflections and (b) the threshold loads required
to trigger the buckling phenomenon, under the condition of a variety of transverse loads. Our
theoretical research reveals that the post-buckling behavior varies considerably under different
transverse load ranges. Three types of double-clamped microbeams connected to microsprings
with different dimensions and compliances representing transverse loads were fabricated and
measured using microelectromechanical systems (MEMS) technology. Excellent agreement
was found between our theoretical analysis and experimental results to confirm our exact
solutions. It proves that the influences on thermal post-buckling behavior are dependent on
different microbeam dimensions and microspring compliances (i.e., transverse loads).
Therefore, an electrothermal buckling/post-buckling beam under external transverse loads can
be accurately predicted using our theoretical model, which can be applied to either existing
microdevices that are based on similar principles or other potential applications.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Buckling and post-buckling research is mainly concerned
with the instability of a structure subject to in-plane axially
compressive loads. It is of importance to the safety of
engineering structures for avoiding instability-induced failure
[1]. Recently, just as important as its negative factor, buckling
related research is increasingly beneficial to advancements of
the tricky design and novel actuation mechanism in the micro-
electromechanical system (MEMS). Described as a rapid
transition between two stable states, snap-through buckling is
suitable for many MEMS applications, including micromirrors
[2], latch-lockers [3], micro-mechanical memory with on-
chip readout [4], energy harvesting [5], microactuators

4 Author to whom any correspondence should be addressed.

[6–8], and microswitches [9, 10]. In addition, post-
buckling, which is continuing loading behavior after buckling,
has not only widely served to MEMS actuation, but also
been fundamentally investigated by using MEMS devices
as effective tools, e.g., electromechanical buckling has been
experimentally validated with an electrostatic force driving
clamped-guided beam [11]. Compared to electrostatic
or electromagnetic actuation, electrothermal actuation is
significantly dominant in this area, as it contributes to
large output forces and large displacements that can more
readily cause post-buckling behavior [12, 13]. Thus, study
on electrothermal buckling and post-buckling behavior of
microbeams has drawn considerable attention.

Most electrothermal buckling/post-buckling research has
covered either theoretical analysis or experimental work.
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They have reported that exact post-buckling solutions are
prohibitively complex, because the related equations are
highly nonlinear, involving the nonlinear bending moment–
curvature relationship and/or nonlinear kinematic relations
[14]. Consequently, even though both theoretical study and
experimental realization is given in [15], their analysis on
nonlinear buckled configuration of the beams is given in
the form of an elliptic integral that is not easy to solve,
hence exempting exact solutions. Recently, a closed-form
expression for buckled configurations as a function of an
applied axial load with different boundary conditions was
well obtained using nonlinear post-buckling analysis [16].
However, their models are limited to a simple double-clamped
beam only under uniaxial buckling load. Taking into account
practical engineering cases, usually, post-buckling beams are
synchronously subject to not only axial buckling load, but
also counteractive transverse loads from the targeted object.
Furthermore, considering buckling applications in MEMS
actuation or resonance, which are the main objective herein
as well as most related literature claims to be a research
target, any external transverse load or impact exerted on the
buckling beam is inevitable. In order to guide the design of
practical electrothermal buckling-based MEMS applications,
we present both theoretical and experimental methods for the
post-buckling of a beam-like structure that simultaneously
suffers from axial buckling loads and external transverse loads,
and the influence of different transverse loads on post-buckling
behavior.

2. Theoretical investigation for nonlinear buckling
analysis

2.1. Structural model and exact solution based on analytical
method

Thermal load-induced post-buckling of a beam-like structure
subject to additional transverse loads is studied theoretically.
The structure is modeled using large deflection theory, where
double-clamped beams connected to springs with different
spring compliances at the mid-span that represent various
transverse loads are considered. Equations governing the
axial and transverse deformations of the beams are derived.
Two equations are reduced to a single nonlinear fourth-
order integral-differential equation governing the transverse
deformations. The nonlinear equation is directly solved
without the use of approximation. Finally, a closed-form
solution for thermal post-buckling deformation is obtained as
a function of the applied thermal load.

Using the energy principle, the equilibrium equations
and boundary conditions based on classical beam theory are
derived in our previous works [17]. The closed-form solution
for the buckled configuration of a beam with fixed–fixed
boundary conditions is given,

W (x) = c

{
1 − a

�
X +

1

�
sin(aX) − (1 − 2a3�) cos(aX)

}
,

(1)

where W (x) is the expression of deflections with respect to the
axis x toward the centroidal axis of the beam, c is a constant
related to the applied thermal load N, and is given by

c = ± 1√
f (a)
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a2
− 1, (2)

and

� = β
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At the beginning stage of buckling, the configuration of
a buckled beam is sufficiently close to the beam’s initial
straight configuration. In this case, the thermal load N at
that instant of time is the critical buckling thermal load Ncr.
The critical buckling load Ncr is obtained by letting c = 0:
Ncr = a2

min.

2.2. Buckling expression and the influence of different spring
compliances on post-buckling behavior

The exact solution expressing deflection at the center of the
beam W (0), which is more explicit than the work in [17], can
be further derived from equation (1) as follows:

W (0) = ± 2a3β
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The characteristic equation for a beam with fixed–fixed
boundary conditions is given by
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In the above equations, to generalize the subsequent results,
we used the following non-dimensional variables:

X = x

l
, W = w

√
Ax

Dx

, N = NT l2

Dx

, and β = Dx

kl3
,

where β represents the dimensionless spring compliance.
Equation (2) shows the behavior of a post-buckling beam

under different assumed transverse loads that are represented
by a mechanical spring system, and the resulting deflection
as a function of applied thermal axial driving loads is
clearly described. Moreover, it demonstrates the variation
of the dimensionless critical thermal buckling load Ncr (the
point where W (0) is equal to zero) with different values
of dimensionless spring compliance β. This signifies that
as our defined spring compliance β (i.e., the inverse of
the transverse load) increases, Ncr required for buckling
decreases up to that of the beam without a spring (i.e., no
transverse load).

In addition, Ncr is a monotonically decreasing nonlinear
function of β as demonstrated in figure 1 of [17]. Ncr turns
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Figure 1. Influence on post-buckling behavior by variation of
dimensionless spring compliance β, including dimensionless
mid-span deflection W (0)/h and the dimensionless critical thermal
buckling load Ncr.

out to be infinite when β approaches zero, while there is an
obvious rapid decrease of Ncr with increase in β, and Ncr
reaches a stable value when β exceeds a high value until
infinity. In other words, the influence of spring compliance on
thermal buckling behavior is obvious only for a small value
range of β (i.e., a large stiffness k or large transverse load).
In contrast, when the spring compliance β increases to high
values, the effect on the critical thermal buckling load Ncr and
the deflection at the center of the beam W (0) becomes very
small. This relationship involving three parameters can be
clearly expressed from the previous equilibrium equation and
boundary conditions, consisting of deflections at the midspan
of the beam, axially compressive loads and various spring
compliances. Figure 1 shows that Ncr decreases dramatically
from β at 0.001 to 0.01. When β increases to a higher value
in the range between 1 and 1000 or even higher values, the
influence on post-buckling behavior seems to be insensitive to
variations of β. Furthermore, equation (2) gives an expression
for the deflection shape along the beam with a variety of
transverse spring compliances, as shown in figure 2. It
demonstrates the same phenomenon as that described in figure
1 that the degree of effect on post-buckling behavior differs
from between small spring compliance and that at high value
range.

Compared to previous theoretical works guided by the use
of finite element analysis [18, 19] or analytical approximate
solutions [15, 20] either in the form of an elliptic integral
that is not easy to solve or involving approximation, the
theoretical results reported in this study can be directly solved
without approximation. A closed-form solution for thermal
post-buckling deformation with high accuracy was obtained.
As a result, our analytical method provides a simple and
efficient solution for expressing post-buckling behavior of
a microbeam or beam-like structures suffering from various
transverse loads.

Figure 2. Deflection shape along the beam expressed as W (x)/h
with a variety of transverse spring compliances β under certain
thermal buckling load.

3. Experimental results

3.1. Fabrication process

Our experimental validation for the theoretical prediction
investigated in this paper demonstrates not only the accuracy
of our analytical solution, but also the feasibility to
study the classical mechanics problem with single-crystal-
structural devices at the microscale. Our testing system
is based on micro-fabricated single-crystal-silicon (SCS)
devices. SCS is a pure material with few mechanical
defects, low residual stress and a large elastic deformation
range. More importantly, compared to the conventional
experimental methods [21, 22], micro-fabricated devices
and MEMS technology can provide unique experimental
testing conditions, behaving almost the same as the studied
mathematical model; they have already been shown to be
good tools for the investigation of fundamental mechanics and
physics [23].

Double-clamped microbeams connected to microsprings
were fabricated using a bulk micromachining process on
a silicon-on-insulator (SOI) wafer with a 5 μm thick and
0.025 � cm highly-doped top device silicon layer. After
standard cleaning (figure 3(a)), photolithography was
performed on the front side to pattern the microstructures. The
patterns were well aligned with the 〈1 1 0〉 crystal direction
to confine an exact Young’s modulus due to the anisotropic
elasticity of silicon [24]. Then, deep reactive ion etching
(DRIE) was used to etch the top silicon layer up to the
buried oxide (BOX) (figure 3(b)). The fabricated structures
demonstrate the desired vertically-shaped cross section of
the beams as shown in figure 4. Finally, the structures
were released in our lab-made hydrofluoric acid (HF) vapor
etching system to prevent them from stiction with the substrate,
due to surface capillary force (figure 3(c)). The fabricated
microdevices were confirmed by both optical microscopy
and scanning electron microscopy (SEM). Due to precise
microfabrication, they were consistent with the ideal model,
as illustrated in figure 4.
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(a) (b)

(c) (d)

Figure 3. Main fabrication process on SOI wafer for the microdevices, and the schematic of post-buckling actuation principle.

Figure 4. SEM images of fabricated double-clamped microbeam with microspring, and close-up of side view to show mechanical boundary
conditions and suspended structure that is oriented by Cartesian coordinate system (x, y, z) with the origin at the middle of the beam (the
origin in the figure is located at the end of the beam for legible vision, rather than the actual definition in our model).

3.2. Post-buckling generation and measurement

A group of microdevices with various dimensions and different
transverse spring compliances were fabricated: 480 ×
4 × 5 μm3 with k = 1.69 N m−1 and β = 0.024; 480 ×
4 × 5 μm3 with k = 0.056 N m−1 and β = 0.072; and 560 ×
4 × 5 μm3 with k = 1.69 N m−1 and β = 0.015. When current
flows through the electrodes, heat was induced throughout
the microbeams due to an electro-thermal phenomenon. The
increasing heat produced thermal strain as a result of the
thermal-elastic effect. An optical microscope equipped with a
charge-coupled device (CCD) camera and an image processing
program was used to observe the deflection and capture image
data. The input current was started at an extremely low value
and adjusted gradually to a high value for the observation of
the entire post-buckling process.

Initially, the double-clamped microbeams and
microspring were undeformed, until the continuously
increased current reached a critical point where sufficient
compressive stress triggered buckling and subsequent post-
buckling behavior, as shown in figure 3(d). Beyond this

critical point, the microbeams and microsprings deformed
further with higher input power, as shown in figure 5. A source
meter (2400 series, Keithley Instruments, Inc., USA) was
used to supply the current and record the feedback voltage;
therefore, we could characterize the corresponding deflection
as a result of power consumption. The self-buckling beams
eased the centric load relative to the neutral surface, and
provided good boundary conditions and a well-controlled
electro-thermal load.

3.3. Results and discussion

In this experiment, to reduce errors, three types of
microdevices with different dimensions and microsprings were
measured using multiple samples. Each sample was tested
repeatedly at least three times, using the same process. The
average data were extracted from all samples and processes.
Electrothermal post-buckling phenomenon is described as
a multiphysics problem, coupled with electrothermal and
thermal-elastic effects [25]. Electrothermal analysis has been

4



J. Micromech. Microeng. 22 (2012) 015011 X Chen et al

Figure 5. Optical images of double-clamped microbeam deflection
and microspring deformation under post-buckling.

widely studied and well established [15, 26]; thus, our research
did not involve and repeat this analytical work. Based on
previous research, the average steady temperature as a function
of input power can be readily calculated for use in our analysis.
It is helpful to simplify the problem into a single thermal-
elastic model, the theory of which is described in section 2.
The maximum average temperature along the microbeams was
kept around 700 ◦C to prevent any failure or recrystallization.
In addition, in the range of the actuation temperature, contrary
to the results reported in [27], no obvious plastic deformation
occurred in the SCS microstructure. In terms of the tested
micro-fabricated samples, the factors from residual stresses
of the multilayers or variations of the cross section of the
beam can be ignored [28–30], attributual to the SCS structural
devices and a well-controlled fabrication technique.

Figure 6 shows the comparison between theoretical
prediction and experimental results for deflections from
three types of microdevices versus the average temperature
calculated from input power, referred to the research [15].
The experimental results are all highly consistent with the
predictions using the theoretical model. Unfortunately, our
measurement method cannot determine the value of the
critical point of buckling—the point at which the threshold
of deflection occurs. The slight disagreement between our
experimental and analytical results mainly occurs at the small
deflection area and low temperature. One reason results from
the difficulty in characterizing small deflections measured by
an optical microscopy with 10% inaccuracy, due to its limited
resolution. In the large deflection range, the output is much
greater compared to the errors, so as to give higher consistent
results. Another reasonable explanation is that we ignore the
deformation of two ends of a double-clamped beam which
are supported by elastic foundation in real devices rather than
built-in conditions considered in our theoretical model. A
similar phenomenon was observed and discussed in detail to
explain the influence of substrate compliance in an associated
problem [31–33].

To evaluate the predicted phenomenon demonstrated
theoretically in section 2 that the degree of influence on
thermal post-buckling behavior varies by value range of
spring compliance, three types of micro-device configurations

(a)

(b)

(c)

Figure 6. Plot of comparison between theoretical and experimental
deflections versus average temperature for three types of
microdevices.

with various spring compliances and dimensions have been
tested, each pair of them share one property in common, i.e.,
either dimensions or spring compliance. First, the results
from the microdevice shown in figure 6(a) are compared to
that in figure 6(c), as both of them have the same spring
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compliance. It is found that the two types of microdevices
show somewhat different results, which is mainly caused by
different microbeam dimensions.

Then, the two types of microdevices with identical
dimensions but different spring compliances (i.e., β = 0.024
and β = 0.072, respectively) are compared, as shown in
figures 6(a) and (b). They show different but close results,
because their different values of β fall into a range in which
the slope between Ncr and β is smooth, which is the same
as we have predicted in the theoretical part. Therefore, the
influence from their different compliances on post-buckling
behavior exists, but is not significant. We note that even
though post-buckling behavior is both experimentally and
theoretically proved to be insensitive to variations of the spring
compliances in this value range, through the comparison to
the microbeams without spring in [17], which means that the
spring compliance is infinite (β = ∞), an obvious difference is
observed between the spring- and springless microdevices. It
means that the spring representing transverse load more or less
affects the buckling behavior, while the degree of influence on
post-buckling behavior is decided by the value range of spring
compliances. This finding agrees with the prediction based on
our theory.

Our current research only provides experimental data for
microdevices within a certain range of spring compliances,
and does not include extremely stiff or soft springs. Very high
stiffness may lead to a huge critical thermal buckling load
and a relatively small deflection that will makes an accurate
measurement more difficult. It is also not easy to fabricate an
excessively soft spring constructed with very narrow and long
beams. The extremely soft spring case can be assumed to be
springless, which has been previously analyzed. Due to the
rich information and data covered in our theoretical model, it
is impossible to realize all the associated experimental work in
this research. Since the validity of our theoretical model has
been confirmed, more useful data included in our model will be
exploited by other researchers for their specific applications.
This research suggests that post-buckling microactuation
behaves nonlinearly along with counteractive transverse loads.
Buckling-based microactuation should be controlled within a
proper range of actuation forces; otherwise, input power will
nonlinearly increase with the required transverse force in the
high value range. The understanding of the deformation of
microspring is also useful to reveal the condition of potential
energy stored in the spring system, which could help the
frequency-tuning research [5, 23]. Our work provides an
easy and comprehensive method to aid the design of similarly
configured structures [34, 35].

4. Conclusion

With the broad incorporation of buckling and post-buckling
mechanisms into MEMS applications, it is important to
understand buckling/post-buckling behavior in practical
microdevices.

We have investigated post-buckling behavior of single-
crystal-silicon (SCS) double-clamped microbeams under
various transverse loads that were represented by different

microsprings. A nonlinear equation was directly solved
without the use of approximation, and a closed-form solution
for thermal post-buckling deformation was obtained as a
function of the applied thermal load. A more explicit
exact solution expressing deflection at the center of the
beam was derived. The influence of post-buckling behavior
under different values of spring compliance can be accurately
predicted by the theoretical model, including the critical
thermal buckling load, the deflection at the center of the beam,
and the deflection shape along the beam. Interestingly, our
theoretical model indicates that the effect on thermal post-
buckling behavior varies distinctly with the value range of
spring compliance. SCS microdevices based on IC technology
were fabricated using a microfabrication method with similar
boundary conditions, just like those described in the theoretical
model. We found that the experimental results were highly
consistent with the predictions from the proposed theoretical
model, and that the consistency is higher than results from
other research, due to the exact solutions in the theoretical
model and well-fabricated microsamples. The theoretical
prediction that the influence on thermal post-buckling behavior
varies by different spring compliances was validated based on
three sample configurations. This study is of theoretical and
practical significance to investigate the fundamental physics,
and guide the design and optimization of novel and more
complex MEMS devices.
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