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Abstract

The possibility to control the mistuned resonant frequency of multi-layered micro-resonators by piezoelectric actuations is numeri-
cally investigated. In many cases, there are mismatches of resonant frequency and initial imperfections of the multi-layered micro-res-
onators because of fabrication errors due to the difficulty of resolution control and mismatches of material properties. In this study,
the multi-layered micro-resonators with initial imperfections were modeled by using refined layerwise theory and initial thermal loading.
The nonlinear deformation and its attendant vibration characteristics of un-symmetrically deposited camped–camped micro-beams
under piezoelectric and thermal actuations are extensively investigated. To derive the governing nonlinear finite element equations of
the micro-beams, the incremental total Lagrangian description based on the multi-field layerwise theory is applied, considering geometric
nonlinear strains and material inhomogeneity of multi-layered micro-resonators. Present results show that piezoelectric actuations can
effectively tune the resonant frequencies of the imperfect multi-layered micro-resonators by controlling the in-plane and out-of-plane
displacements.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Because the multi-layered structures have several
advantages resulting from integrated packaging and sim-
ple geometry, some researchers have attention to the
multi-layered micro-resonators capable of tuning the reso-
nant frequency. Micro-scale applications of thin-film
micro-electro-mechanical structures for sensing and actua-
tion require both integrated multi-layered structures and
energy conversions between several physical fields. The
multi-layered structures consist of silicon, silicon dioxide,
silicon nitride, metallic electrodes, and piezoelectric layers.
The thermal expansion mismatch between the constituting
materials and the intrinsic stresses during deposition pro-
cessing lead to undesired transverse deformations and
residual stresses. There are mismatches of resonant fre-
quency and initial imperfections of the multi-layered
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micro-resonators because of fabrication errors due to
the difficulty of resolution control and mismatch of mate-
rial properties. Also, micro-machining errors and initial
imperfection can change the resonant frequency and the
quality factor of the structures. Therefore, the necessity
to tune the resonant frequency of micro-resonators
results from both fabrication errors and multi-purpose
functionalities.

Lee and Cho [1] proposed a triangular electrostatic
comb array for micro-mechanical resonant frequency tun-
ing. A 3.3% reduction of the resonant frequency was
observed from the initial resonant frequency of 2.42 kHz
with the tuning voltage of 20 V. Syms [2] explored the elec-
tro-thermal actuator to tune the resonant frequency of
folded and coupled vibrating micro-mechanical resonators.
Remtema and Lin [3] tuned the active frequency of comb-
shape micro-resonators by means of localized stressing
effects originated from the Joule heating. Piazza et al. [4]
investigated the voltage-tunable characteristics of piezo-
electric multi-layered resonators.
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Some papers have addressed the flat multi-layered reso-
nators using ZnO [5] and piezoelectric aluminum nitride
[6]. Thermo-mechanical and electro-mechanical behaviors
of multi-layered structures should be first dealt with on
the design of micro-scale sensors and actuators. The defor-
mation, stresses and vibration characteristics of multi-lay-
ered deformable elastic micro-structures are very complex
under the applications of thermal loads and electric poten-
tials due to buckling, postbuckling, snap-through and
highly nonlinear behaviors. Chiao and Lin [7] analyzed
electro-thermal and thermoelastic responses of micro-
machined beams considering buckling behavior under
resistive heating. Dunn et al. [8] studied the thermoelastic
linear and nonlinear deformations of polysilicon/gold
square and circular micro-plates subjected to uniform tem-
perature changes. Xu et al. [9] presented a nonlinear finite
element model of thin piezoelectric laminates and reported
strong nonlinear relationship between the terminal voltage
and deflections.

The multi-layered micro-resonators are relatively thick
with respect to aspect ratio for high resonant frequency
over MHz–GHz and has different constituent materials.
Unlike homogeneous isotropic materials, multi-layered
structures often result in the many unique phenomena
including complex coupling between bending, extension
and shearing modes, significant transverse shear deforma-
tion at lower thickness-to-span ratios and various damage
from stress concentration near material and geometric dis-
continuities. In order to accurately analyze the very thick
multi-layered micro-resonators, which is integrated with
electro-thermal actuator and local piezoelectric layered
sensors and actuators, more refined laminate theory that
accounts for transverse shear effect and localized stresses
and strains at the ply level, requiring layerwise model or
3D elasticity theory.

In this study, both thermal and piezoelectric actuators
capable of in-plane and out-of-phase actuations will be
studied for the implementation of the eccentrically multi-
layered tunable resonators. The Hamilton’s variational
principle based on multi-field layerwise theory is applied
for the nonlinear finite element modeling considering the
geometric nonlinear effect on the stiffness variation. The
effects of the piezoelectric eccentric actuation on changes
of resonant frequency of multi-layered micro-resonators
are extensively investigated.

2. Layerwise finite element modeling

In this study, the multi-field layerwise theory [10,11]
including displacement, temperature and electric potential
fields are proposed for the accurate description and the
complex geometry of distributed and multi-layered piezo-
electric sensors and actuators. In this approach the contin-
uum displacements of the equilibrium equations are
approximated through interpolation functions and the val-
ues of displacement at discrete points within the domain
and on the boundary of the structures. By introducing
the piecewise interpolation function, UJ(z), along thickness
direction and finite element shape functions wj(n,g), the
multi-field layerwise descriptions are given as follows:
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Here, u1, u2 and u3 are the elastic displacements in the x,
y and z direction, respectively. DT and E are the temper-
ature distribution and electric fields. The in-plane dis-
placements, temperature distribution, electric fields can
be described as a zigzag configuration by Lagrangian
interpolation function along thickness direction. The
NID means the number of sub-lamina of the plates with
degree of freedoms.

The von-Karman nonlinear strain–displacement rela-
tionship is adopted to consider a transverse large deflection
with small strains, which is the major factor of the nonlin-
ear behavior of the multi-layered micro-structures with
clamped or simply-supported boundary conditions each
sides.
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The geometric nonlinearity is taken into account for

large deflections, but the strain terms are assumed to be
small so that the linear constitutive relationship is
applied. The second Piola–Kirchhoff stress tensor is con-
jugated to the Green–Lagrangian strain tensor in that
their properties are also invariant under rigid body
motion. When the equilibrium of the body at time
t + Dt is first expressed using Hamilton’s principle of vir-
tual displacements with tensor notation, the total
Lagrangian formulation requires thatZ

V

tþDtSijd
tþDteij dV ¼ tþDtW u ¼

Z
S

tþDtT kduk dS

þ
Z

V
ðtþDtfk � qk

tþDt€ukÞduk dV ð3Þ
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V

tþDtDkd
tþDtEk dV ¼ tþDtW / ¼

Z
SQ
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where the tþDtSij;
tþDteij;

tþDtW u;
tþDtT k;

tþDtfk;
tþDt€uk; qk and

duk are the second Piola–Kirchhoff stress tensor, the total
Green–Lagrangian strain tensor, the external virtual work,
the surface traction components, the body force compo-
nents, the current acceleration component, the density
and the variation of the current displacement component
defined at time t + Dt, respectively, referred to the initial
configuration. Also, t+DtDk,t+DtEk,t+DtW/,t+DtQ and d/
are the electric displacements, the electric field, the electric
virtual work, the surface charge and the variation of elec-
tric potential.

The increments in several variables from the previous
configuration at time t + Dt to current configuration at
time t are defined as
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tþDteij ¼ teij þ eij;
tþDtDk ¼ tDk þDk;
tþDtEk ¼ tEk þ Ek

ð5Þ

Here, the incremental strains eij comprise of the pure linear
part, the linearized part and nonlinear terms as

eij ¼ eL
ij þ eLN

ij þ eN
ij : ð6Þ

The linear constitutive equations of a thermopiezoelastic
material with the assumption of the quasi-steady tempera-
ture distribution can be written. Noting that
dtþDteij ¼ deij ¼ deL

ij þ deLT
ij þ deN

ij and substituting Eqs. (5)
and (6) into the left hand side of the Eq. (3) yield the follow-
ing nonlinear equilibrium equations. Based on the virtual
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Consequently, we can drive the two coupled dynamic
equations between mechanical and electric fields. The basic
step in the derivation of the finite element equations is
based on the above virtual work functional in Eqs. (7)
and (8). A general nonlinear displacement-based finite ele-
ment formulation is presented with Lagrangian shape func-
tions and the isoparametric description of the coordinates
and displacements. Through the assembly process, the glo-
bal governing equations can be expressed by the nodal dis-
placement vector U and the nodal electric potential U in
the following form:
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Here M;KL;KG
DT ;K

G
P ;K

N ;KUU and KUU mean the mass, lin-
ear stiffness, thermal geometric, piezoelectric geometric,
nonlinear stiffness, piezoelectric-mechanical coupling and
piezoelectric stiffness matrices, respectively. Especially,
thermal and piezoelectric geometric matrices are originated
from the modified geometric stresses t s

_
mn and t n

_

mn. By the
method of Guyan reduction, the above equations are sim-
plified as
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P þ KN � KUUK�1
UUKUU ÞU

¼ ðFExt
U � FInt

U Þ � KUUK�1
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U Þ: ð10Þ

Here, the small vibration under large deformations by pie-
zoelectric and thermal actuations is assumed in the follow-
ing form

UðtÞ ffi US þUDðtÞ: ð11Þ
By substituting Eq. (11) into (10), we can obtain the unbal-
anced static and free vibration equations by the assumption
of no dynamic excitations.
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ð12Þ
and

M €UD þ KT ðUSÞUD ¼ 0: ð13Þ
In order to solve the unbalanced static equations, next step
is to linearize the above nonlinear error equations using
iterative Newton–Raphson method.

eLðUkþ1
S Þ ¼ eðUk

SÞ þ KT ðUk
SÞðUkþ1

S �Uk
SÞ ¼ 0; ð14Þ

where KT is the tangent stiffness matrix in the Eqs. (13) and
(14). The resulting incremental equations can be expressed as
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Also, updated iterative displacement are related to incre-
mental displacements as

Ukþ1
S ¼ Uk

S þ DUkþ1 ð18Þ
After obtaining the converged nonlinear static solutions,
US, the free vibration analysis can be performed by solving
the Eq. (13) as an eigenvalue problem under the assump-
tion of small harmonic oscillation.

ðKT ðUSÞ � x2MÞeUD ¼ 0 ð19Þ
Here, x is the natural frequency and eUD is the natural
mode vector.

3. Results and discussion

In this study, the eccentrically multi-layered micro-reso-
nators are analyzed for the design of tunable resonators as
shown in Fig. 1 and described in Table 1. All multi-layered
resonators have un-symmetric lay-up through thickness
direction. The wafer used in this study has a full length driv-
ing electrode without a sensing electrode. Actually, this
wafer can be implemented with sensing and driving func-
tions by using the concept of the sensory actuators. Here,
the equivalent length LEQ means un-clamped length of the
bottom surface. The equivalent lengths of LEQ = 400 lm,
and a typical total thickness of hEQ = 3.3 lm are used in
Driving electrode (Pt),  PZT active layer,  Grounded electrode (Ti, Pt), 

 Electric insulation layer (Silicon Nitride),  Silicon,

 Silicon dioxide,  Anchor (Silicon)

L

8L 8LEQL

Fig. 1. Geometry and constituents of multi-layered micro-resonators.

Table 1
Geometry of un-symmetric multi-layered micro-resonator (Unit: lm)

Wafer LEQ L L8 W

1 400 480 40 20

Table 2
Material properties of substrate layers

Properties Silicon nitride (Si3N4) Si

Young’s modulus (GPa) 300 70
Poisson’s ratio (t) 0.27 0.
Density (kg/m3) 3180 22
Thermal expansion coefficient (a, 10�6/K) 3.3 0.
Thermal conductivity (W/mK) 20 1.
Piezoelectric charge coefficient (pm/V) 0 0

Dielectric permittivity (nf/m) 0 0
the following analyses and figures. The substrate multi-lay-
ers consist of silicon, silicon nitride, silicon dioxide, plati-
num electrodes and PZT, and the material properties are
written in Table 2. In order to design a tunable multi-lay-
ered resonator, both piezoelectric and thermal actuations
are numerically simulated with a special concern about
the change of the resonant frequency as well as transverse
center deflections.

The initial imperfection is taken into account by using
thermal deformation. The four different thermal loading
conditions of D T/DTCR = 0.1,1.0,2.0,3.0 are used. Here,
DTCR = 16.33 �C means Euler buckling temperature. As
the thermal load increases, the initial thermal deflection
increases. Fig. 2 shows the nonlinear static deflections at
the center point as the piezoelectric potential decreases with
h1,h2,h4 h3 h5 h6 h7 h8

0.15 0.5 0.5 2 1 4

licon dioxide (SiO2) Silicon (Si) Electrodes (Pt) PZT layer

165 147 63
17 0.22 0.39 0.3
00 2330 2150 7600
5 2.6 8.9 0.9
1 67.5 69.23 27.2

0 0 d31 = 254
d32 = 254

0 0 15.3

WCENTER / hEQ

-0.025 -0.020 -0.015 -0.010 -0.005 0.000 0.005

P
ie

zo
el

ec
tr

ic

-0.2

-0.1

0.0

Fig. 2. Nonlinear static deflections of multi-layered micro-resonators with
thermally initial imperfection under compressive piezoelectric actuation.
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Fig. 3. Fundamental resonant frequency of multi-layered micro-resona-
tors with thermally initial imperfection under compressive piezoelectric
actuation.

WCENTER / hEQ

-0.08 -0.06 -0.04 -0.02 0.00

P
ie

zo
el

ec
tr

ic
 p

ot
en

tia
l, 

V
ol

ts

0.0

0.1

0.2

0.3

0.4

0.5

0.6

T/ TCR = 0.1

T/ TCR = 1.0

T/ TCR = 2.0

T/ TCR = 3.0

TCR = 16.33OC

Δ Δ

Δ

Δ

Δ

Δ

Δ

Δ

Δ

Fig. 4. Nonlinear static deflections of multi-layered micro-resonators with
thermally initial imperfection under tensile piezoelectric actuation.
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negative values. The nonlinear center deflection decreases
to zero and shows positive values in some cases with
decreasing piezoelectric potential. Its attendant vibration
characteristics are shown in Fig. 3. The fundamental reso-
nant frequency decreases as the piezoelectric potential
decreases with negative values. Fig. 4 shows the nonlinear
static deflections at the center point as the piezoelectric
potential increases with positive values. The nonlinear cen-
ter deflection increases with negative values with increasing
piezoelectric potential. The change of fundamental reso-
nant frequency is shown in Fig. 5. The fundamental reso-
nant frequency increases as the piezoelectric potential
increases with positive values. Present results show that
we can easily control and tune the mistuned resonant fre-
quency of multi-layered micro-resonators with initial
imperfections by using piezoelectric actuation.
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